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Abstract
Let X be a Green domain in Rd , d  2, x ∈ X, and let Mx(P(X)) denote the compact convex set of all
representing measures for x. Recently it has been proven that the set of harmonic measures μUx , U open
in X, x ∈ U , which is contained in the set of extreme points of Mx(P(X)), is dense in Mx(P(X)). In this
paper, it is shown that Mx(P(X)) is not a simplex (and hence not a Poulsen simplex). This is achieved
by constructing open neighborhoods U0, U1, U2, U3 of x such that the harmonic measures μ
U0
x , . . . ,μ
U3
x
are pairwise different and μU0x + μU2x = μU1x + μU3x . In fact, these measures form a square with respect
to a natural L2-structure. Since the construction is mainly based on having certain symmetries, it can be
carried out just as well for Riesz potentials, the Heisenberg group (or any stratified Lie algebra), and the
heat equation (or more general parabolic situations).
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Let X be an open set in Rd , d  2, such that Xc is non-polar, if d = 2, and let x ∈ X. In [3] it is
shown that any convex combination of harmonic measures μU1x , . . . ,μUkx , where U1, . . . ,Uk are
open neighborhoods of x in X, can be approximated by a sequence (μWnx ) of harmonic measures
such that each Wn is an open neighborhood of x in U1 ∪ · · · ∪ Uk . Harmonic measures μUx ,
x ∈ U , U open in X, are obtained by balayage (with respect to X) of the Dirac measure εx at x
on X \ U : μUx = εX\Ux . They are special cases of measures μ on X which are representing
measures for x with respect to the convex cone P(X) of all continuous real potentials on X, that
is, such that μ(p)  p(x) for all p ∈ P(X). The convex set Mx(P(X)) of these representing
measures is compact and metrizable with respect to the topology of weak convergence. By [5], it
is known since forty years that the set (Mx(P(X)))e of extreme points of Mx(P(X)) consists
of the balayage measures εAx , where A is a Borel set in X. By elementary convergence properties,
the set of harmonic measures μUx , x ∈ U , U open in X, is dense in (Mx(P(X)))e . Therefore, by
the theorem of Krein–Milman, the approximation result above implied that the set (Mx(P(X)))e
of extreme points in Mx(P(X)) is dense in Mx(P(X)).
It seemed to be widely believed that Mx(P(X)) is a simplex, and hence a Poulsen simplex.
We shall disprove this belief by exhibiting open neighborhoods U0,U1,U2,U3 of x in X such
that the harmonic measures μUjx ∈ (Mx(P(X)))e , 0 j  3, are pairwise different and satisfy
μU0x + μU2x = μU1x + μU3x . (1.1)
Assuming without loss of generality that x is the origin, the open sets Uj , 0  j  3, will be
related in a very simple way. For y = (y1, . . . , yd) ∈Rd , let
T (y1, y2, y3, . . . , yd) := (−y2, y1, y3, . . . , yd),
that is, T turns the (y1, y2)-part of y counterclockwise around the origin by π/2. Then we shall
have
Uj = T j (U0), 0 j  3.
More precisely, given any open ball U centered at 0 (or any other non-empty T -invariant con-
nected open neighborhood U of 0) and any non-polar Borel set A in {y ∈ U : y1 > 0, y2 = 0}
which is finely closed in U , (1.1) holds if we take
Uj := U \
(
T j (A) ∪ T j+1(A)), 0 j  3.
The measures μ0,μ1,μ2,μ3 will form a square, in the sense that their densities with respect to
a T -invariant measure τ on U form a square in L2(U, τ) (Corollary 2.5).
In fact, equalities like (1.1) show that none of the compact convex sets Mx(S(W)), x ∈ W ,
W open in X, is a simplex (Corollary 3.2). By definition, Mx(S(W)) is the set of all measures μ
on X which are representing measures for x with respect to the convex cone S(W) of all P(X)-
bounded continuous real functions on X which are superharmonic on W . Mx(S(W)) is a closed
face of Mx(P(X)) and
{
εA∪Wcx : A is a Borel set in W
}⊂ (Mx(S(W)))e
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Mx(S(X)) = Mx(P(X)).
As long as we have certain symmetries, the same is true for many potential-theoretic settings
(Riesz potentials, heat equation, Laplace–Kohn operator on the Heisenberg group, general sub-
Laplacians on stratified Lie algebras).
Finally, we shall see that in many parabolic cases (whenever we have a space–time structure),
we do not need symmetries to prove that the compact convex sets Mx(P(X)) and Mx(S(W)),
x ∈ W , W open in X, are never simplices.
2. Results based on global symmetries
Let (X,W) be a balayage space, 1 ∈ W . A homeomorphism T on X is called an automor-
phism of (X,W), if W ◦ T = W (cf. [1, Sect. VI.8]), and hence, for all x ∈ X and A ⊂ X,
T
(
εAx
)= εT (A)T (x) . (2.1)
Throughout this section, let us fix x0 ∈ X and suppose that we have automorphisms R,T of
(X,W) and a Borel set A in X such that
Rx0 = T x0 = x0, T 4 = I (identity), εAx0 = 0,
the fine closures (or even the closures) of the sets
Aj := T j (A), 0 j  3,
are pairwise disjoint, and
R = I on A1 ∪ A3, R = T 2 on A0 ∪ A2. (2.2)
Example 2.1. For x = (x1, x2, x3, . . . , xd) ∈Rd , d  2, let
Rx := (−x1, x2, x3, . . . , xd) and T x := (−x2, x1, x3, . . . , xd),
that is, R is reflection at the hyperplane {x ∈Rd : x1 = 0} and T , as in the Introduction, turns the
(x1, x2)-part of x counterclockwise by π/2. Let X be a domain in Rd such that x0 := 0 ∈ X and
R(X) = T (X) = X, and let
A ⊂ {x ∈ X: x1 > 0, x2 = 0} =: H+2
such that 0 is not contained in the closure of A and the (d − 1)-dimensional Hausdorff measure
of A is strictly positive. Then our assumptions are satisfied in each of the following cases:
(i) Classical case (Xc non-polar, if d = 2).
(ii) Riesz potentials (α ∈ (1,2)).
(iii) Heisenberg group (or – more generally – stratified Lie algebras).
(iv) Heat equation on Rd−1 ×R, d  3 (with A ⊂ {x ∈ H+2 : xd < 0}).
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Let us now return to the general situation and let U be an open neighborhood of x0 in X such
that
R(U) = T (U) = U and εA∪Ucx0 (U) > 0
(for example, U = X). We define
μj := εAj∪Aj+1∪U
c
x0 , 0 j  3,
where we take A4 := A0. If A is closed, then μj is the harmonic measure μUjx0 for the open set
Uj := U \ (Aj ∪ Aj+1).
By (2.1),
μj = T jμ0, 1 j  3. (2.3)
Lemma 2.2. The measures μ0,μ1,μ2,μ3 have pairwise different supports.
Proof. We may assume without loss of generality that A ⊂ U and A is finely closed in U . Then
the measures μj are supported by Aj ∪ Aj+1 ∪ Uc and, by [1, VI.9.4],
εA0∪Ucx0 = μ0|A0∪Uc + (μ0|A1)A0∪U
c
.
By assumption εA0∪U
c
x0 (U) > 0. Hence μ0(A0) > 0 or μ0(A1) > 0. By (2.3), for every 1 j  3,
μj (Aj ) = μ0(A0) and μj (Aj+1) = μ0(A1).
A consideration of the possible cases for the values of μ0(Ak), k ∈ {0,1}, immediately shows
that the measures μ0,μ1,μ2,μ3 have pairwise different supports. 
To see how the relation between R and T can be exploited let us first consider the simple case,
where U = X.
1834 W. Hansen, I. Netuka / Advances in Mathematics 225 (2010) 1830–1839Theorem 2.3. Assume that U = X. Then μ0 + μ2 = μ1 + μ3, where the measures μ0,μ1,μ2,
μ3 ∈ Mx(P(X)) are pairwise different. In particular, Mx(P(X)) is not a simplex.
Moreover, let ν0 denote the restriction of μ0 on the fine closure of A0 = A. Then μ0 =
ν0 +T ν0, ‖μ2 −μ1‖ = ‖μ1 −μ0‖ (where ‖ · ‖ denotes total variation), and the signed measures
μ2 − μ1 and μ1 − μ0 have disjoint supports, μ2 − μ1 ⊥ μ1 − μ0.
Proof. We may suppose that A is finely closed. Let
νj := 1Aj μj , 0 j  3.
Then, by (2.3), for every 1 j  3,
νj = T jν0 and ‖νj‖ = ‖ν0‖. (2.4)
By (2.1) and (2.2),
Rμ0 = εR(A0∪A1)x0 = εA2∪A1x0 = μ1.
Defining ν′0 := 1A1μ0 we have μ0 = ν0 + ν′0. Hence, by (2.2),
μ1 = Rμ0 = Rν0 + Rν′0 = T 2ν0 + ν′0,
where T 2ν0 is supported by A2 and ν′0 is supported by A1. So ν′0 = ν1, that is, μ0 = ν0 + ν1. By
(2.3) and (2.4), we see that
μj = νj + νj+1, 0 j  3,
where ν4 := ν0. Thus
μ0 + μ2 = ν0 + ν1 + ν2 + ν3 = μ1 + μ3.
By Lemma 2.2, the measures μ0,μ1,μ2,μ3 are pairwise different. Moreover,
μ1 − μ0 = ν2 − ν0 and μ2 − μ1 = ν3 − ν1.
So the signed measures μ1 − μ0 and μ2 − μ1 are orthogonal and, by (2.4),
‖μ1 − μ0‖ = 2‖ν0‖ = ‖μ2 − μ1‖. 
The following result is more subtle (note that the identity μ0 = ν0 + T ν0 in the proof of
Theorem 2.3 is the special case, where U = X). Its immediate consequence is stronger and more
useful than Theorem 2.3 (Corollaries 2.5 and 3.2).
Proposition 2.4. There exists a measure σ on A0 ∪ Uc such that
μ0 = σ + T σ. (2.5)
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n . Fig. 3. Decomposition of (Tρn)A
′
3
.
Proof. Again, we may suppose that A ⊂ U and A is finely closed in U .
Let us fix q0 ∈ P(X), q0 > 0, and define q := q0 +q0 ◦T +q0 ◦T 2 +q0 ◦T 3. Then q ∈ P(X),
q > 0, and q ◦ T = q . Let
ρ0 := (1/2)εx0 and B := A0 ∪ A1 ∪ Uc
so that
μ0 = (ρ0 + Tρ0)B and ρ0(q) = (1/2)q(x0) < ∞. (2.6)
We claim that there exist measures σ0, σ1, σ2, . . . on A0 ∪ Uc and measures ρ1, ρ2, . . . on {x0} ∪
A2 such that, for every n ∈ {0} ∪N,
(ρn + Tρn)B = σn + T σn + (ρn+1 + Tρn+1)B and ρn+1(q) ρn(q)/2. (2.7)
Then, by (2.6) and (2.7), the proof will be finished taking σ :=∑∞n=0 σn.
To prove (2.7) we suppose that n ∈ {0} ∪N and that we have a measure ρn on {x0} ∪ A2. Let
A′2 := A0 ∪ A1 ∪ A3 ∪ Uc, A′3 := A0 ∪ A1 ∪ A2 ∪ Uc,
τn := ρA
′
2
n
∣∣
A0∪Uc , ρn+1 := (Tρn)
A′3
∣∣
A2
, σn+1 = τn + T 2ρn+1.
We first observe that
(Tρn)
A′3 = ρn+1 + T τn + T 2ρn+1 and ρA
′
2
n = T 3ρn+1 + τn + Tρn+1 (2.8)
(see Figs. 2 and 3). Indeed, by (2.1),
T
(
ρ
A′2
n
)= (Tρn)A′3 , (2.9)
and hence T τn is the part of (Tρn)A
′
3 on T (A0 ∪ Uc) = A1 ∪ Uc. Moreover, by (2.1) (with R in
place of T ),
(
R(Tρn)
)R(A′3) = R((Tρn)A′3). (2.10)
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Therefore R(Tρn) = Tρn and R(A′3) = A′3. So (2.10) implies that (Tρn)A
′
3 = R((Tρn)A′3) and
hence
(Tρn)
A′3
∣∣
A0
= R((Tρn)A′3 ∣∣A2
)= Rρn+1 = T 2ρn+1.
So the first identity in (2.8) holds, and the second follows immediately, by (2.9).
The set A′2 is the disjoint union of B and A3, the set A′3 is the disjoint union of B and A2.
Thus, by [1, VI.9.4] and (2.8) (see also Figs. 2 and 3),
ρBn = ρA
′
2
n
∣∣
B
+ (ρA′2n ∣∣A3
)B = T 3ρn+1 + τn + (Tρn+1)B,
(Tρn)
B = (Tρn)A′3
∣∣
B
+ ((Tρn)A′3 ∣∣A2
)B = T τn + T 2ρn+1 + ρBn+1.
By definition, σn+1 = τn + T 2ρn+1. Hence we see that
(ρn + Tρn)B = σn+1 + T σn+1 + (ρn+1 + Tρn+1)B. (2.11)
Finally, since q ◦ T = q , we obtain that
2ρn+1(q) =
(
ρn+1 + T 2ρn+1
)
(q) (Tρn)A
′
3(q) (Tρn)(q) = ρn(q). 
Let us fix a T -invariant measure τ on X such that the measure μ0 is absolutely continuous
with respect to τ , and let
ϕ0 := dμ0
dτ
∈ L2(X, τ)
(we shall not distinguish between functions in L2(X, τ) and equivalence classes in L2(X, τ)).
Of course, a possible choice would be τ := μ0 +μ1 +μ2 +μ3 and then 0 ϕ0  1. In (i), (iii),
and (iv) of Example 2.1, τ could be (d − 1)-dimensional Hausdorff measure provided U has a
smooth boundary.
Defining ϕj := ϕ0 ◦ T −j it is easily verified that, for every 1 j  3,
‖ϕj‖2 = ‖ϕ0‖2 and μj = T j (ϕ0τ) = ϕj τ.
On L2(X, τ) we have the inner product
〈ϕ,ψ〉 :=
∫
ϕψ dτ,
the norm ‖ϕ‖2 := 〈ϕ,ϕ〉1/2, and ϕ ⊥ ψ if and only if 〈ϕ,ψ〉 = 0.
Corollary 2.5. μ0 +μ2 = μ1 +μ3. The measures μ0,μ1,μ2,μ3 are pairwise different, and the
densities ϕ0, ϕ1, ϕ2, ϕ3 form a square in L2(X, τ).
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there exists a measure σ on A0 ∪ Uc such that μ0 = σ + T σ . By (2.3),
μ0 + μ2 = σ + T σ + T 2σ + T 3σ = μ1 + μ3,
and hence
ϕ0 + ϕ2 = ϕ3 + ϕ1. (2.12)
Of course, σ is absolutely continuous with respect to τ and
s := dσ
dτ
 ϕ0.
Defining sj := s ◦ T −j we obtain that, for every 0 j  3,
T jσ = sj τ and ϕj = sj + sj+1
(where, of course, s4 := s0). Moreover,
ψ1 := ϕ1 − ϕ0 = s2 − s0 and ψ2 := ϕ2 − ϕ1 = s3 − s1,
where, by the T -invariance of τ , 〈s2, s0〉 = 〈s3, s1〉 and, for every 0 j  3,
‖sj‖2 = ‖s0‖2, 〈sj+1, sj 〉 = 〈s1, s0〉.
This immediately implies that ‖ψ1‖2 = ‖ψ2‖2 and
〈ψ1,ψ2〉 = 〈s2, s3〉 − 〈s2, s1〉 − 〈s4, s3〉 + 〈s0, s1〉 = 0.
Together with (2.12) this proves that ϕ0, ϕ1, ϕ2, ϕ3 form a square in L2(X, τ). 
Corollary 2.5 has the following immediate consequence.
Corollary 2.6. Mx0(S(U)) is not a simplex.
3. Result based on local symmetries
In the situation of a harmonic space (which excludes Riesz potentials) we may localize our
assumptions.
Theorem 3.1. Assume that (X˜,W˜) is a harmonic space (so that swept measures εB∪Ucx , x ∈ U ,
U open in X˜, B ⊂ X˜, are supported by U ). Let W be an open neighborhood of x0 ∈ X˜ and let
S(W) denote the set of all P(X˜)-bounded continuous functions on the closure of W which are
(W˜-)superharmonic on W .2
2 Let us note again that S(X˜) =P(X˜).
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x0 ∈ U , U ⊂ W ∩X, and the assumptions of Section 2 are satisfied with respect to the restriction
(X,W) of (X˜,W˜) on X.
Then Mx0(S(W)) is not a simplex.
Proof. It suffices to observe that the balayage of εx0 on Aj ∪Uc with respect to (X,W) coincides
with the balayage of εx0 on Aj ∪ Uc with respect to (X˜,W˜). 
The following result for the classical case holds as well for the heat equation and for the
harmonic structure given by the Laplace–Kohn operator on the Heisenberg group (or – more
generally – by a sub-Laplacian on a stratified Lie group; see [2]).
Corollary 3.2. Let X be any non-empty open set in Rd , d  2, equipped with the classical
harmonic structure (Xc non-polar if d = 2), and let x ∈ X.
Then none of the compact convex sets Mx(P(X)) and Mx(S(W)), x ∈ W , W open in X, is
a simplex.
4. Parabolic cases
In many parabolic cases, including the heat equation, we may prove that we do not get sim-
plexes in a much simpler way, without using any symmetries.
Let us suppose that (X,W) is a balayage space such that points are polar and 1 ∈ W (for
simplicity). Moreover, we assume the existence of a sequence (Hn) of pairwise disjoint transit
sets in X such that
⋃∞
n=1 Hn is finely dense in X. We recall from [4] that a subset H of X is
called a transit set if it is closed and RˆH1 = 0 on H . If H is a transit set, then, for all (finite)
measures ν on H , A ⊂ H , and B ⊂ X,
νA∪B = νB, (4.1)
since, for every p ∈ P(X), RˆA∪Bp  RˆHp + RˆBp = RˆBp on H .
Example 4.1. 1. Let X =Rd ×R, d  1, and let (X,W) be the harmonic space given by the heat
equation. Then every hyperplane Hc := {x ∈ X: xd+1 = c}, c ∈ R, is a transit set, and the union
of the hyperplanes Hc, c rational, is finely dense in X.
2. More generally, let P= (Pt )t>0 be a strong Feller right continuous sub-Markov semigroup
on a locally compact space X′ with countable base and let W be the set of all excessive functions
with respect to P ⊗ T on X := X′ × R, where T = (Tt )t>0 denotes the semigroup of uniform
motion to the left, that is, Tt (s,·) = εs−t , s ∈R. Then (X,W) satisfies our assumptions (taking
Hc := X′ × {c}) provided there exist strictly positive, continuous real functions u,v ∈ W such
that u/v vanishes at infinity. See [4, Section 7] and [1, V.5.6] for details.
We recall that the previous example is the special case, where X′ =Rd and P is the Brownian
semigroup on Rd .
Theorem 4.2. For all x ∈ X and open neighborhoods U of x, there exist pairwise disjoint
compact sets A0,A1,A2,A3 in U such that (taking A4 := A0) the harmonic measures μj :=
μ
U\(Aj∪Aj+1)
x , 0 j  3, are pairwise different and μ0 + μ2 = μ1 + μ3.
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In particular, there is no x ∈ X such that Mx(P(X)) or any Mx(S(W)), x ∈ W , W open
in X, is a simplex.
Proof. We fix an open set U in X and x ∈ U . There exists n0 ∈ N such that x /∈ Hn, n  n0.
Since ρn := εHn0∪Hn0+1∪···∪Hn∪U
c
x 
∑n
k=n0 ε
Hk∪Uc
x and limn→∞ ρn = εx , there is a transit set H
(one of the sets Hn, n n0) such that
τ := εH∪Ucx
∣∣
H∩U = 0.
Since points of X are polar and τ does not charge polar sets, there are pairwise disjoint compact
sets A0,A1,A2,A3 in H ∩ U such that τ(Aj ) > 0, j ∈ {0,1,2,3} (see Fig. 4). Let
ν := εH∪Ucx
∣∣
Uc
and σj := 1Aj τ, 0 j  4.
By [1, VI.9.4] and (4.1), for every compact set A in H ∩ U ,
εA∪Ucx = εH∪U
c
x
∣∣
A∪Uc +
(
εH∪Ucx
∣∣
(H∩U)\A)
)A∪Uc = 1Aτ + ν + (τ − 1Aτ)Uc .
In particular, for every 0 j  3,
μj = εAj∪Aj+1∪U
c
x = σj + σj+1 + ν +
(
τ − (σj + σj+1)
)Uc
,
whence 1H∩Uμj = σj + σj+1. Thus the measures μ0,μ1,μ2,μ3 are pairwise different and,
taking σ := σ0 + σ1 + σ2 + σ3,
μ0 + μ2 = σ + 2ν + (2τ − σ)Uc = μ1 + μ3. 
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